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System of Differential algebraic equation
(DAE) in general form:

F(x,z,y,t) =0
where z, e R", 2 ¢ R*,y c R™, F : G CR" x R” x R™ x R — R**"™,

\/ N T~

We have n number of We have m number of We have n+m
variables that appear variables that do not number of equations
differentiated appear differentiated
L= -2 T=—-x+vy
1 variable x is differentiated
= 2 2
X O) 1 r+y = 10 \ 1 variable y is not differentiated

/ \ 2 equations

ODE, initial value problem (IVP) Is this an ODE or an DAE?
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DAE, Example 1
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Is it an initial value problem (IVP)?

What should the initial value for y be?

1
We need to find consistent initial values.
y(o) — 3/ Note that y(0) = -3 is also a consistent initial value.

v — T T T T T T T YT p—
Tk p— XDAE-Q =reen

z(0)=1 y(0)=3 2(0)=1 4(0)= -3
Part | Part Il Part Il Part IV Part V
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DAE, Example 1
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s Can we find an order that can solve
r — —X —I—
Y| &~ these equations?

az2+y2:10

Yes, in each step:

1. Solve for y in equation (2). x is known.

2. Solve for x’ in equation (1). Now both x
and y are known.

In this case, we can actually symbolically transform this into an ODE directly.

T=—x+ 10 — 22
A

\

(note that the DAE is nonlinear, and we here just selected one solution)
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DAE, Example 2
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Is this an DAE? Yes, one differentiated variable

(x) and two algebraic variables
:i::—x+y—z (y and z)
2 2 Can we find an order  Ngo equations 2 and 3 are
Z=x" 1Y that can solve these  gjgebraically dependent on
equations? each other.
Z=T+T*xyY

This is called the semi-explicit form of an DAE

/

. . /
f( &4 ) Solution (in each time step)
0= g(.flf, Yy, t) 1. Solve (nonlinear) algebraic equations

2. Solve differentiated variables
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DAE Index
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Definition: The index of an DAE is the minimum number of times that all
or part of the DAE must be differentiated with respect to tin order to
determine x’ as a continuous function of x and t.

(Brenan, Campbell, Petzold, 1989)

T = —1 + Y Ouir first example was an index 0 DAE.
/ No differentiation is need to obtain an ODE.
72 + y2 =10 An ODE has also index 0.

Example two has an algebraic loop, and
/ the two algebraic equations are non-
singular. Example of an index 1 DAE.

r=—T+y—=z
Note that you can differentiate parts of the equation
P $2 i y2 system once (equations (2) and (3)) to obtain an
ODE. (Not recommended for numerical stability)
Z=1T+ X% Y We will soon see examples where a system of equation is
singular. These may be higher-index DAEs (index > 1).
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Drive Shaft Example
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torque inertial spring inertia2

/\‘ 1 1 1 1
> O
P1 o} P2 (07]
1 T 3 Ty
Jl J2

T

Is this an DAE?

. Variables: (1, p2, w1, w2, T1, T2, T3, T4)

4‘?1 - Appearing differentiated: (¢1, P2, w1, w2)

Y2 = W2

. Ttm Incidence matrix. Differentiated variables and the

Wi = T, algebraic variables are unknown.

. T3+ T4 Wi w2 P P2 T T2 T3 T4 T4 T3 T2 T1 Wa w1 $2 P

Wy =

7 fifo oo o o o0 o0\ /1 00 0 0 0 0 0

n o= u f2l0 0 o0 f1jo o o0 o0oflfgmlo 1 00 0 0 0 o0
I o o 0 11 0 0|fK]l0 0 1 0 0 0 0 0

T2 = ¢ (p2—p1) f40000011f500010000

T = —c(ps— 1) Lo T o oo o olxkl1l 100 1 0 0 0
fsl0 0 0 0 0[Jo o|lfslo 0o 11 0 1 0 0

wo =0 Lo o 0o 0o 0o o[o]lxrlo oo 0 0 0 1 0
fsNXO 0 0 0 0 0 o1}/ A, \o 0o o 0o 0o 0 0 1

Index-0 DAE Matching: Find a unique Sorting: Sort equations

(by substitution we mapping between variables and (permute matrix)

get directly an ODE) equations.
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Part Il

Matching
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Example: Matching
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System of equations Construct a bipartite graph

fily) = G=EvE)

f2(3:313j727y)20 F:{f17f2,f3} E:{<f17y>7(f27j31>7
f3($2) =0 V={$1,$2,y} <f273t2)7(f27y>7
(f3,%2)}

Incidence Matrix

Ty T2 Y @ @
/0 0 1 :
Ll 1 1 1 Jo T2
N0 1 0 75 \@

Part | Part Il Part Il Part IV PartV
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Algorithm: Matching
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MATCH(G) Color visited vertices Assigns variables to equations

1 assign < 0 _

2 for each f € G.F CCGFUGYV assign] = fif f matches v
3 do C « 0 - NIL otherwise

4 if not MATCH-EQUATION(G, f, C, assign, )

5 then return (FALSE, assign) ,

6 return (TRUE, assign) \ Underline means call

/ by reference.
vmap and equation coloring is

MATCH-EQUATION(G, f, C', assign, vmap) < not used until in Part IV.

1 C+CU{f}

2 if there exits a v € G.V such that (f,v) €

3 and assign|[v] = NIL and vmap[v] = NIL

4 then assign[v] < f

5 return TRUE

6 else for each v where (f,v) € G.E and v ¢ C

7 and vmap[v] = NIL

8 do C + CU{w}

9 if MATCH-EQUATION(G, assign[v], C, assign, vmap)
10 then assign[v] < f
11 return TRUE

12 return FALSE

Part | Part Il Part Il Part IV Part V
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Example: Matching
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MatcH(G) @ @
1 assign < 0

2 for each f € G.F N\ @
3 doC« i @ — >

4 if not MATCH-EQUATION(G, f, C, assign, ) @ \ @
5 then return (FALSE, assign)

6 return (TRUE, assign)

Exercise

Do each step of the algorithms
and keep track of C and assign.

Mf‘T%{_EQC?ATION(G’ 1., assign, vmap) Case A: For f1, use x1.
« Cu{f} assign = {y — f1,21 — fa, 2 — f3}
2 if there exits a v € G.V such that (f,v) € C = {1 for fs}
3 and assign|v] = NIL and vmap[v] = NIL AR
4 then assign[v] + f Case B: For f1, first use x2
0 return TRUE (Reassignment of x2)
6 else for each v where (f,v) € G.E and v ¢ C assign = {y — f1,@1 — fo,41 — f3}
7 and vmap[v] = NIL _ .
] dOC(*CU{U} C*{f17f27f37x27}
9 if MATCH-EQUATION(G, assign[v], C, assign, vmap)
10 then assign|v] < f
11 return TRUE

12 return FALSE

Part | Part Il Part Il Part IV Part V
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Example: Matching
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System of equations

D (1)
fily) =0 (o2
D O

fa(&1,22,y) =0
fa(22) =0

Incidence Matrix We may now permute the matrix
Ty T2 Y To Yy @1
fi /[0 0 /3 0 0

1
f2 1 1 fil 0 1 0
f3 0 0 f2 1 1 1 The matching problem

solves the problem of
finding a permutation such
that the matrix has a
nonzero diagonal. Also

called maximum traversal.
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Sorting into Lower Triangular Form
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T2 Tg X3 Tr Ty T4 X1

8
ok
]
%)
8
w
&
N
8
ot
8
o
8
=

Ao o[i]o o 1 o0 frf3]o 0 0 0 0 0
LIlil1 0 0o 1 1 o0 fol TLL]Oo 0 0 0 0
fs1 0 0 o0 1 1 0 filo 110 0 0 O
falofr)o 0o _0_ 0 o0 fof1 0 1[1] 0 0 0
1o 0 1 of1lo o fs10 0o 1 0[1]o o
fsl o 1.0 0o o|l1]o0 fs{0 1 0 0 1110
f\0 1 1 0 0 01 fo\1 1 0 0 1 O0]1
Unsorted Matrix T Sorting (permutation of Matrix) into
Lower Triangular Matrix Form
Find a matching
We now have a causal
form; solving the equation
But, we cannot always system is straight forward.
permute the matrix into
lower triangular form...
An DAE (or ODE) in Lower
triangular matrix form is index 1.
Part | Part I Part Il Part IV Part V
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Sorting into Block Lower Triangular (BLT) Form
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Ty X2 X3 T4 Tz Te X7 T2 T I3 Ty T1 T4 Ty
fi/0 0 1 1 0 1 0 fa ([T ] 0 0 0 0 0
21 1 0 0 1 1 0 fol 1 0 0 0 0 0
fs10 0 0 1 1 0 0 il o 1 0 0 1] o
falo 1.0 0o 0o 0 o fs1 0 1 1 1 0|/ o0
sl 0o 1 0 1 0 o f2] 1 0 1 1 0| 0
fsl 0O 1.0 0 0 1 0 f] 0 0 1 0 1| 0
f\0 0 1 0 0 0 1 fr 1 0 0 0] 1

Sorting (permutation of Matrix) into

Block Lower Triangular (BLT ) Form

Another unsorted Matrix

We have identified an

algebraic loop. At each time step, the algebraic
loops may be solved using

Guassian elimination (if linear) or a
Newton’s method (if nonlinear).
In part 1l we discuss a

BLT sorting algorithm An DAE in BLT form with
algebraic loops (structurally non-
singular) is Index 1

Part | Part Il Part Il Part IV Part V
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Example: Pendulum
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y Pendulum in Cartesian o
al coordinate system Simplified Simplified
= using
ey =mE —T/l=1 i=M\ax
"""""" 2 = 2 2
T cos(6) x2—|—y2 = ]2 ! L X +y =L
: T sin(6) Rewritten in first order Incidence Matrix
. 0 viou v !
e 0= g Xy a ! $
) f1 1.0 0 0 O
y=wv fan 01 0 0 0
Is this an DAE? U=\ fz3n 0O 01 O 1%
Can we solve it? b=Ay—g fa#0 0 0 1 1
Can we create BLT? ) ) fs {0 0 0 00
. . Tty = L | No, we cannot find a matching (see f;).
IDEA: Symbolically — This is a higher-index problem (index > 1).

differentiate equations to

get derivatives. How should we determine which equations to
differentiate. Solution: Pantelides Algorithm
Part | Part I Part Ill Part IV Part V
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How the algorithms fit together (simplified)
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Note that this is a simplified view:
In a real implementation, these Sorted
algorithms are usually combined.

BLT-form

BLT el Numerically solve

yes ) Sorting Index-1 DAE
reduced index
(symbolic differentiation)

no Pantelides

\ To avoid numerical
drifting problem,
Pantelides should be
combined with the

dummy derivative
structurally method.

singular /

Part | Part Il Part Il Part IV Part V
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Part IlI

BLT Sorting
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Algorithm: BLT Sort
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| Input: a bipartite graph G |

BLT(G)
(match, assign) ! MATcH(G)
if not match
then return error OSingularO

1

2

3

4

5 DV! GF
6 DE!"

7 for each f,v) # G.E wheref # G.F and assignv] $ f
8 do D.E! D.E %{(assignv],f)}

9

10 MAKEEMPTY(O)

11 MAKEEMPTY(S)

12 il 0

13 lowlink "

14 number!"

15 for eachv# D.V

16 do if numbeifv] = NIL

17 then STRONGCONNECT(V, D, S, i, lowlink, number, O)

18 return O
Output: a stack of sets of equation vertices, where each set
represents an equation block in the BLT matrix.

Part | Part Il Part Il Part IV PartV
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Algorithm: BLT Sort

| Input: a bipartite graph G |
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BLT(G)
1 (match,assign ! MATCH(G) Part 1
2 if not match . ) Find matching
3 then return error OSingularO
y\
5 DV! GF Part 2
6 DE!" Construct equation
7 for each f,v) # G.E wheref # G.F and assignivl$ f gependency graph
8 do D.E! D.E %{(assignv],f)}
9
10 MAKEEMPTY(O) Part 3
11 MIAKEEMPTY(S) Sort into blocks of
12 ! _O ) equations using
13 lowlink ! ) Tarjan’s strongly
14 number! connected component
15 for eachv# D.V algorithm
16 do if numberv] = NIL
17 then STRONGCONNECT(V, D, S, i, lowlink, number, O)
18 return O

Output: a stack of sets of equation vertices, where each set
represents an equation block in the BLT matrix.

Part | Part Il Part Il Part IV Part V
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Example: BLT Sort
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P X Xe Xg X V1 Yaog
f, 0 0 1[I 0 1 G = (F,V,E)
fon[ll] 1 0 0 1 1?
fgii 0 1 0 ﬁ O? F:{fl’fZ’f31f4’f51f6}
fau 10 1 O 0 i i Y Y
f5# 0 1 0 0 0 mé \ {)ul’)qZ’xB’x'h’ylvyZ}
fe 0 O 0 0 1

In Part 1 of BLT - matching

1 (match,assign ! Match (G)

2 if not match

3  then return error OSingularO

Returns TRUE (steps omitted) with assignment
assign= {Xnp !" fo,Xp!" f3,Xg!" fe,Xu!" f1,y1!" fa,y2!" fs}

Part | Part Il Part Il Part IV Part V
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Algorithm: BLT Sort
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| Input: a bipartite graph G |

BLT(G)
1 (match,assign ! MATCH(G)
2 if not match
3 then return error OSingular®
4
5 DV! GF Part 2
6 DE!" Construct equation
7 for each f,v) # G.E wheref # G.F and assignivl$ f gependency graph
8 do D.E! D.E %{(assignv],f)}
9
10 MAKEEMPTY(O)
11 MAKEEMPTY(S)
12 il 0
13 lowlink !'"
14 number!"
15 for eachv # D.V
16 do if numberv] = NIL
17 then STrRONGCONNECT(V, D, S, I, lowlink, number, O)
18 return O

Output: a stack of sets of equation vertices, where each set
represents an equation block in the BLT matrix.

Part | Part Il Part Il Part IV Part V
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Example: BLT Sort
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When solving x’,, variables x’; and y, need to be

. [ xcj)l X(J)z Xf éf)g y12$ known. Hence, f, is dependent on f; and f,.

1

fnfl] 1 0 011? E = (f1fofafatof
n - 1,1 2,13,1 4,15, 6}

f3:: 0 1 0 O O? G:(F,V,E) U

fam 10 1 0 Oé (%0, Xb, ¥, Xia, Y1, Y2}

fs# 0 1 0 0 O m Matchi ’ e

fe 0 O 0 0 1 atching tells us that x’5 is

< supposed to be solved using fg
assign: {X’,I]_ " fg,)az " f3,X’13 " fe,)(:h " fl,y]_ " f4,y2 " f5}

In Part 2 of BLT — construct equation

dependency graph (digraph)

5 DV! G.F

6 DE!"

7 for each (f,v) # G.E where f # G.F and assignv] $ f
8 do D.E! D.E %{(assignv], f)}

D =(V,E) Exercise
V = {fl,fz,fg,f4,f5,f6} CreateDgraphicaIIy
E = {f, #8f4,f3 #8f,,f3 #8515, T4 #3515, f5 #$1,,

fo #8f,,fs #$fe, fo #f 1, T #5f3,f6, #3514}

Part | Part Il Part Il Part IV Part V
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Algorithm: BLT Sort
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BLT(G) | Input: a bipartite graph G |

1 (match,assign ! MATCH(G)
if not match
then return error OSingularO

DE!"
for each f,v) # G.E wheref # G.F and assigr{v] $ f

2
3
4
5 DV! GF
6
7
8 do D.E! D.E %{(assignv],f)}

9
10 MAKEEMPTY(O) Part 3
11 MAKEEMPTY(S) Sort into blocks of
12 ! _O equations using
13 lowlink ! " Tarjan’s strongly
14 number!" connected component
15 for eachv# D.V algorithm
16 do if numberv] = NIL
17 then STRONGCONNECT(V, D, S, i, lowlink, number, O)
18 return O

Output: a stack of sets of equation vertices, where each set
represents an equation block in the BLT matrix.

Part | Part Il Part Il Part IV Part V
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Algorithm: StrongConnect (Tarjan)
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StrongConnect  (v,D, S, i, lowlink, number, O)
1 il i+1
2 lowlink[v]! i
3 numbefv]! i
4 push(S,v)
5 for eachw # D.V where (v,w) # D.E
6
7
8
9

do if numbefw] = nil
then StrongConnect (w,D,S,i, lowlink, number, O)
lowlink[v] ! min(lowlink[v], lowlink[w])
else if w# S and numbefw] < numbeiv]
10 then lowlink[v]! min(lowlink[v], numberfw])
11 if lowlink[v] = numbenv]
12 then egset! "

13 while not isempty (S) and numbeiftop (S)] & numbeiv]
14 do eqgset! eqset¥{pop(S)}
15 push(O, egse}
16 return
Part | Part Il Part Il Part IV Part V
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Algorithm: StrongConnect (Tarjan)
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StrongConnect (v, D, S, i, lowlink, number, O)
il i+l
lowlink[v] ! i
numberv]! i
push(S, v)
for eachw # D.V where (v,w) # D.E
do if numbefw] = nil
then StrongConnect (w,D,S,i, lowlink, number, O)
lowlink[v] ! min(lowlink[v], lowlink[w])
else if w# S and numbeffw] < numbeiv]
10 then lowlink[v]! min(lowlink[v], numberfw])
11 if lowlink[v] = numberVv]
12 then egset! "

O©CoOoO~NOOOUITA~,WNLBE

13 while not isempty (S) and numbeitop (S)] & numberv]
|
ig c:]o Oeqset. eqsetvo{ pop(S)} Exercise
push(O, egse) Construct stack O
16 return
Top of the stack is to the left
O=[{fafs,fe},{f2,fa},{f1}]
Part | Part Il Part 11l Part IV PartV
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Example: BLT Sort
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Xp Xg Xu Y1 Y2 g
f, 0 0 1[I 0 1 G = (F,V,E)
fon[ll] 1 0 0 1 1?
fgn 0 1 0 0 Oﬁ F={f1,f2,f3,f4,f5,f6}
R0 2 o o &Ié V = X, Xb, X, X, Y1, Y2}
fe 0 O 0 0 1

assign= {Xnp !" fo,Xp!" fa,Xg!" fg, X !" f1,y1!" fa,y2!" f5}
O =[{fa,fs,fe},{f2,fa},{f1}]

We can now create the sorted

| Xb Yo Xg  Xn Y1 x’|4$ BLT matrix

fs [T 0 1]0 0 O

fen L 1 0] 0 O o%

fenlo 1 110 o o%

fon 1 1 01 1 og

f,#0 0 1|1 110

fr 0 1 1 0 0[1]

Part | Part Il Part Il Part IV PartV
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Part IV

Pantelides
Part | Part Il Part 11l Part IV PartV
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Example: Pendulum
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y Pendulum in Cartesian o
a coordinate system Simplified Simplified
— using
erEmE o = P = \ar
"""""" 2 — 2 2
T cos(0) m2—|—y2 :l2 ! L z +y = L
! T sin(6) Rewritten in first order Incidence Matrix
mg r=u g Xy ! $
_ fan 01 0 0 0
U=N\-x fan 0 0 1 O Lg
V=Ay—g fs#0 0 0 1 1
9 9 fs 0 O O O O
x4y =1L
Part | Part Il Part 11l Part IV PartV
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Pendulum: Graph Construction
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Construct a bipartite graph
G=(F,V,E)

System of equations

=y f,(Xu) =0 F={f1,f2,f3f4,fs}
Y= fz(}ﬂ,V):O V:{X,y,U,V,ﬂ)ﬂUﬂ.\ﬂ!}
U=A-z fa(i,!,x)=0| E={(f1,%,(f1,u),
V=AY —9g | |fa(q!,y)=0 (f2, 9, (f2,V),
?+y*=L ||fs(x,y)=0 (fa, W), (fs,1), (f3,X%),
(f2,9),(fs,!), (fa,y),
et (15,0, (15,9)
differentiated variables.
DAE Basics  Matching BLT Soring Panteides  Dummy Derivatves

Kyl
Pendulum
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/&

fa(du)=0 OW &
/ \

fa(hv) =0
fa(t,!,x) =0
I:4(“2'1! 1y) =0
fS(le) =0

(O
(D
(W
O,
O

Part | Part Il Part Il Part IV Part V
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Algorithm: Pantelides
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Pantelides (G, vmap, eqmay) IVI_apping_ variable_s to I\I!apping_ equation§ to their
1 assign!" differentiated variables differentiated version
2 for eache# G.F VI ! S g d =g
. v if =V _ =1
3 dof! e vmapvl = L WS ice eamaff]= i oterwise
4 repeat
5 c!"
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V
9 do let V' be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${V}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf' # G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E
17 do GEE! G.E${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
;g f dzqz;qs;;ig}r][vmar{v]] P eqmagiassignv]] Assigns variables to equations
21 until  match . f if f matches v
22 return assign assign[v] = { NIL otherwise
Part | Part Il Part 11l Part IV PartV
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Pendulum

broman@eecs.berkeley.edu

We start with no variable lterate over each equation f

Pantelidés (G, vmap, egmap
1 assign!”
2 for eache# G.F
3 dof! e
4 repeat
5 c!r
/

Preparation for matching algorithm.
Set all vertices to be uncolored.

Initial state after step 5.
vmap= {x!" xjy " yiu!" uv!" @
eqmap= {}

assign= {}
C=1{
Part | Part Il Part 11l Part IV PartV

DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives



Algorithm: Pantelides

Pantelides (G, vmap, eqmap
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1 assign!"
2 for eache# G.F Try to find a match for equation f.
3 dof! e
4 repeat
5 cl"
6 match ! Match-Equation (G, f,C , assign vmap) |
7 It not match
8 then for eachv # C wherev # G.V
9 do let V! be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${v}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf'# G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E
17 do GEE! G.E${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagassignv]]
20 f 1 egmapf ]
21 until  match
22 return assign
Part | Part Il Part Il Part IV PartV
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives

Pendulum

Match-Equation
C" Cs${f}
if there exits av! G.V such that (f,v)! G.E
and assigrnv] = nil and vmagv] = nil
then assignv]" f ol
return true
else for eachvwhere f,v) T G.E and V7V
and vmapv] = nil
doC" C${v}
if Match-Equation
then assignv] "
return true

(G, f, C, assign vmap)

©Coo~NOOP~WNPE

10
11
12

f

return false

State when returning from Match-Equation.

|_-match for highest derivative.

(G, assignv], C, assign vmap)

36
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Note that only X is a valid variable
because of vmap. We are only

vmap= {x!" xjy " yiu!" urv!" v}
egmap= . .
a ] P {}, | Matched variable to equation
assign= {X!" f1} «e—— |
C={f} Colored one equation
Part | Part Il Part Il Part IV PartV
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives



Algorithm: Pantelides

Pantelides (G, vmap, eqmap
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1 assign!” Function Match-Equation returns TRUE.
2 for eache# G.F Consequently, we break out of the repeat-until
3 dofl e loop and proceeds with the next equation.
4 repeat
5 c!"
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V
9 do let V! be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${v}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf'# G.F
14 eqmagf]! f'
15 GF! GF${f"}
16 for eachv # G.V where (f,v) # G.E
17 do GEE! G.E${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagassignv]]
20 f 1 egmapf ]
21 until  match
22 return assign
Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Match-Equation (G, f, C , assign, vmap)
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C" Cs${f}
if there exits av! G.V such that (f,v)! G.E
and assigrnv] = nil and vmagv] = nil
then assignv]" f 7
return true

Same pattern for the first four
_—" equations.

else for eachvwhere f,v) T G.E and V7V
and vmapv] = nil
doC" C${v}
if Match-Equation
then assignv] "
return true

©Coo~NOOP~WNPE

10
11
12

f

return false

State after matching for f1,f2,f3,f4

(G, assignv], C, assign vmap)

vmap= {x!" gy " yiu!" uv!"
eqmap= {}

assign= {Xa!" fq,yl" fo,u!" fz,a!" fu}q

Matched 4 equations
(could also have matched lambda).

e

Note that only the last equation is colored

C={f _ .
{fa} because colors are cleared before matching.

Part | Part Il Part Il Part IV Part V

DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Match-Equation (G, f, C , assign vmap)

For f5 there is no adjacency

1 C" C${f} ; ;
2 if there exits av! G.V such that (f,v)! G.E Lﬂ;@f#g{?gg;ﬂ:\g:g%
3 and assignv] = nil and vmagv] = nil —_
4 then assignv]" f branch are executed.
5 return true
6 else for eachv where (f,v)! & andv/ C @
7 and vmapv] = nil
8 doC" C${v} @
9 if Match-Equation (G, assignv], C, assign vmap) ,
10 then assignv] " f

11 return true
12 return false

State after matching f 5
vmap= {x!" Xy " yiu!" uwv!" @

eqmap= {}, ) ) ] Algorithm Match-Equation
assign= {xa!" fo, " fo,u!" fa,al" g} | returns FALSE and returns

C={fs} o ——— | with f; colored.

Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Algorithm: Pantelides
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Pantelides (G, vmap, eqmap

1 assign!"

2 for eache# G.F

3 dof! e We have match = FALSE

4 repeat

5 cI

6 match ! Match-Eelation (G, f, C , assign vmap)

7 if not match

8 then for eachv# C wherev# G.V ¢ No colored

9 do let V' be a vertex, such thatv' # G.V variables.
10 vmagyv] ! V'
11 GV! GV ${}
12 for eachf # C wheref # G.F < But we have one
13 do let f! be a vertex, such thatf' # G.F colored equation.
14 eqmagf]! f'
15 GF! GF${f"
16 for eachv # G.V where (f,v) # G.E
17 do GE! GES${(f',v),(f', vmapv])}
18 for eachv# C wherev# G.V. <« No colored
19 do assignvmapv]]! egmagdassignv]] variables.
20 f 1 egmaff ]
21 until  match
22 return assign

Part | Part Part lll Part IV Part V

DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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State after matching f 5 X2+ y2= L
vmap= {x!" xjy I" yiu!" uv!" v 2%+ 2yyi= 0
eqmap= {}
assign= {xXa!" fi,y!" fo, ! f3,wl" fu}
C = {fs}

12 for eachf # C wheref # G.F
13  do let f! be a vertex, such thatf'# G.F

14 eqmagf]! f'

15 GF! GF${f"}

16 for eachv # G.V where (f,v) # G.E

17 do GE! G.ES${(f',v),(f', vmagv])}

State after creating differentiated equation.
vmap= {x!" xqy " yiu!" uv!" v}
egmap= {fs!" fg}

C - P - te edges to
assign= {Xi!" fi,ya!" f,, u!" fs, " f Create a new Crea ,

g { L ¥ 2 3 a} equation node fg variables and their

C = {fs} by differentiating f..  derivatives.

Part | Part Il Part 11l Part IV PartV
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Algorithm: Pantelides
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Pantelides (G, vmap, eqmap

1 assign!"
2 for eache# G.F
3 dof! e
4 repeat
5 c!"
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V
9 do let v! be a vertex, such thatv' # G.V
10 vmagyv] ! V'
11 GV! GV ${V}
12 for eachf # C wheref # G.F
13 do let f'! be a vertex, such thatf'# G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E .
17 do GE! GES${(f'v) (f,vmagv)} | cPeatagain (match
18 for eachv # C wherev # G.V w_as FALS.E)’ bUt. now
19 do assignvmapv]]! egmagdassignv]] with the differentiated
20 £l eqmanf ] P equat|0n f6.
21 until match
22 return assign egmap= {fs !" fe}
Part | Part Il Part 11l Part IV PartV
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State before calling Match-Equation

Cannot take TRUE branch because the

vmap= {xI" Xy I" Yiul" uv!" @ states of assign and vmap
egmap= {fs!" fg}
assign= {Xi1" f1,40" fo,d" f5,4!" f4} Color and make
c=g recursive call.
Match-Equation (G, f, C_, assign vmap) J1 @

1 C" C${f}
2 if there exits av! G.V such that (f,v)! G.E

3 and assignv] = nil and vmagv] = nil
4 then assignv]" f
5 return true
6 else for eachv where (f,v)! G.E andv/ C
7 and vmapv] = nil
8 do C" C${v}
9 if Match-Equation (G, assigrnv], C, assign, vmap
10 then assignv] " f
11 return true
12 return false Returns false.
Before first recursive call at line 9 After all recursion when returning on line 12
vmap= {x!" xqy!" yu!" uv!" v} vmap= {x!" xjy I" yiu!" uv!" @i .
_ . Y Two variables
eqmap= {fs!" fe} eqmap= {fs !" fe}

. , . ; . _ are applicable for
assign= {Xi!" fi,ya!" fo,w!" f3,9!" f4}| |assign= {xa!" f,¥!" fo,u!" fz,a!" f4} the FALSE

[c=1{fe | |C = {fe,f1, 000} branch.

Part | Part Il Part Il Part IV Part V
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Algorithm: Pantelides
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Pantelides (G, vmap, eqmap Differentiating equation two times
1 assign!" 2 2 _
2 for eache# G.F , , x“+y =1L
3 dof! e C={fe.Xif . ¥f2} | o+ 2yyi=0
4 repeat .2 o
5 ci 2%+ 24 +2yy'|+2y| =0
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev# G.V
9 do let V' be a vertex, such thatv! # G.V First step: create new
10 vmapv]! V' “ differentiated variables
11 GV! GV ${Vv}
12 for eacht # C wheref # G.F
13 do let f' be a vertex, such thatf' # G.F
14 eqmagf]! f'
15 GF! GF${f"}
16 for eachv # G.V where (f,v) # G.E
17 do GE! GES${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagassignv]]
20 f 1 egmaff ]
21 until  match

22 return assign

Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives



Pendulum

State before creating new variables

vmap= {x!" xqjy " yju!" uv!"
egmap= {fs!" f¢}

assign= {X!" fq,y!" fo,u!" fz,al" fu}

45
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C = {fo[af [ yilf 2}

for eachv # C wherev # G.V

do let V! be a vertex, such thatVv' # G.V
|

vmapv]! v

GV ! GV S${V]
New variables and
mapping

After adding new variables

vmap= {x!" xqy " yu!" wv!" ¥xa" x y'!" y}

egmap= {fs!" fg}

assign= {Xa!" fi,y¥!" fo,u!" f3, " f4}
C={fe,Xaf1,¥if>}

Part | Part I Part Ill Part IV
DAE Basics Matching BLT Sorting Pantelides

Algorithm: Pantelides

Pantelides (G, vmap, eqmap

Part V
Dummy Derivatives
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1 assign!"
2 for eache# G.F
3 dof! e
4 repeat
5 c!"
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V Second step: create new
9 do let v! be a vertex, such thatv' # G.V differentiated equation
10 vmapv]! V' / nodes
11 GV! GV${vl
12 for eachf # C wheref # G.F
13 do let f'! be a vertex, such thatf'# G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E
17 do GE! GES${(f',v),(f', vmapv])}
18 TOT eacnv # C Wherev # G.V
19 do assignvmapv]]! egmagassignv]]
20 f 1 egmaff ]
21 until match

22 return assign

Part | Part Part lll Part IV
DAE Basics Matching BLT Sorting Pantelides

Part V
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State before creating equation nodes
vmap= {x!" Xjy " yu!" wv!" axal" x ¥!" vk

eqmap= {fs !" fe}
assign= {Xa!" fi,y¥!" fo,u!" f3, " f4}

C= X’Jflyy’ifz}

for eachf # C wheref # G.F
do let f' be a vertex, such thatf'# G.F
eqmagf]! f'
GF! GF${f}
for eachv # G.V where (f,v) # G.E
do GE! G.ES${(f',v),(f',vmagv])}

After adding equation fg

vmap= {x " Xy I" yiu!" d@v!" @xi!" xy!" v

egmap= {f5!" fg

assign= {Xi1" fo il fo,w!" fgal" fa}
C={fe,Xif1,¥f2}

Part | Part Il Part Il Part IV Part V
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48
Pendulum
broman@eecs.berkeley.edu

State before creating equation nodes
vmap= {x " Xjy " yiu!" uv!" @xl!" x " v

egmap= {fs!" fg}
assign= {Xi!" fo,y!" fo,ul!" f3, " fu}

for eachf # C wheref # G.F
do let f' be a vertex, such thatf' # G.F
eqmagf ]! f'
GF! GF${f"}
for eachv # G.V where (f,v) # G.E
do GE! G.ES${(f',v),(f',vmagv])}

After adding all equations

vmap= {x!" Xpy " ypu!" dv!" @xail" x " yt

egmap= {fg !" f6|f6 "t 1" fg,fol” f9}|

assign= {Xa!" f,y¥!" fo,w!" fa,al" fu}
C={fe,Xif1, W42}

Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Pantelides (G, vmap, eqmap

1 assign!"

2 for eache# G.F

3 dof! e

4 repeat

5 c!"

6 match ! Match-Equation (G, f, C , assign vmap)

7 if not match

8 then for eachv # C wherev # G.V

9 do let V' be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${V}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf' # G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E
17 do G.E! G.ES${(f'V.(f' vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagdassignv]] . )
20 T T eqmapt | Third step: assign
21 until  match \ variables to equations
22 return assign for new variables.

Part | Part Il Part 11l Part IV PartV
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After adding all equations

vmap= {X " X',!y " y'J,U "o v "ol Xy)fl!" y'l}
egmap= {f5 " f6,f6 " f7,f1 " fg,f2 " fg}
assign= {X!" fo,@!" fo,u!" fa,a!" fu}

C = {fe[xif 1[yilf 2}

for eachv # C wherev # G.V
do assignvmapV]]! egmapgassignv]]

After adding new assignments

vmap= {x!" Xpy " yiu!" uwv!" @x!" x¥!" y
egmap= {fs!" fg,fe!" f7,f1 1" fg,fo!" fo}
assign= {al" fo,l" fo,u!" fa,al" fy,
[ fo, 00" fol
C={fe,Xf1,¥f2}

Part | Part Il Part Il Part IV Part V
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Algorithm: Pantelides
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Pantelides (G, vmap, eqmap

1 assign!"
2 for eache# G.F
3 dof! e
4 repeat
5 c!
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V
9 do let V! be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${v}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf'# G.F
14 eqmagf]! f'
15 GF! GF${f"}
16 for eachv # G.V where (f,v) # G.E
17 do GEE! G.E${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagassignv]]
;2 until match o+ eamagf] <«—____ Repeat again with second differentiated

22 return  assign version of equation five.

Part | Part Il Part Il Part IV Part V
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Before matching

vmap= {x!" iy I" yu!" uv!" @xil" xwu" y
eqmap= {fs!" fg,fg!" f7,f1 1" fg,fo!" fo}
assign= {!" fq,y@!" fo,ul!" fg,val" fy,

x 1" fg,y!" fo}

Match-Equation (G, f, C , assign vmap)
1 C" C${f}

2 if there exits av! G.V such that (f,v)! G.E

3 and assigrnv] = nil and vmagv] = nil

4 then assignv] " f

5 return true

6

7

8

9

else for eachv where (f,v)! G.E andv/ C
and vmapv] = nil

do C" C${v}
if Match-Equation (G, assignv], C, assign, vmap) @
10 then assignv] " f
11 return true

12 return false

For clarity: view variables and edges where
vmap[v] = NIL

Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives
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Before matching

vmap= {x!" Xxqy " yu!" uv!" @xa!" xwu" vy}
eqmap= {fs!" fg,fg!" f7,f1 1" fg,fo!" fo}
assign= {X!" fq, " fo,ul!" fa,val" fy,

x!" fg,yp!" fo}

Match-Equation (G, f, C , assign vmap) @
1 Cc" C${f} @
2 if there exits av! G.V such that (f,v)! G.E

and assignv] = nil and vmagv] = nil @
then assignv]" f
return true @
else for eachv where (f,v)! G.E andv/ C
and vmapv] = nil @
do C" C${v}

if Match-Equation (G, assignv], C, assign vmap) @
then assignv] " f

return true N\
12 return false

[EEg
RO OWO~NOU A~NW

Part | Part Il Part Il Part IV Part V
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Before matching

vmap= {x!" iy I" yu!" uv!" @xil" xwu" y
eqmap= {fs!" fg,fg!" f7,f1 1" fg,fo!" fo} Successful match!
assign= {!" fq,y@!" fo,ul!" fg,val" fy,
x!" fg,yp!" fo}

Match-Equation (G, f, C , assign vmap)

1 C" Cs${f}

2 if there exits av! G.V such that (f,v)! G.E

3 and assignv] = nil and vmagv] = nil

4 then assignv]" f

5 return true

6 else for eachv where (f,v)! G.E andvV C

7 and vmapv] = nil

8 doC" C${v}

9 if Match-Equation (G, assignv], C, assign, vmap)
10 then assigrnv] " f
11 return true

12 return false
vmap= {x!" xqy " yu!" uv!" axa!" x y!" y
eqgmap= {f5 " fe,fe " f7,f1 " fg,fz " fg}
assign= {Xi!" fq, 1" fo,u!" fg,al" fy,
P fg,x!" fo,pn!" fo}
C={f7,%fg,ufs}

Part | Part Il Part Il Part IV Part V
DAE Basics Matching BLT Sorting Pantelides Dummy Derivatives




55

Algorithm: Pantelides
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Pantelides (G, vmap, eqmap
1 assign!"

2 for eache# G.F . Last equation and successful match.

3 dof! e Algorithm terminates.
4 repeat
5 c!"
6 match ! Match-Equation (G, f, C , assign vmap)
7 if not match
8 then for eachv # C wherev # G.V
9 do let V' be a vertex, such thatv' # G.V
10 vmagv] ! V'
11 GV! GV ${V}
12 for eachf # C wheref # G.F
13 do let f' be a vertex, such thatf' # G.F
14 eqmagf]! f'
15 GF! GF${f}
16 for eachv # G.V where (f,v) # G.E
17 do GEE! G.E${(f',v),(f', vmapv])}
18 for eachv # C wherev # G.V
19 do assignvmapv]]! egmagassignv]]
20 f 1 egmapf ]
21 untii  match

22 return assign

Part | Part Il Part Il Part IV Part V
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Result of Pantelides on Pendulum
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vmap= {x!" Xy " yu!" wv!" @xi!" x " y @
egmap= {fs!" fg,fg!" f7,f1 1" fg,f2!" fo}
assign= (1" f1,¥il" fo,ul" fgal" fg, @
LI fg%!" fo, 00" fo)
@ O,
(1) ¥=u f1(4u)=0 @ @
(2) Y= v fa(v)=0
(3) ui= 1 & 561 x) =0 (3) (X)
(4) vi=1! ay! g fa(,!,y)=0 @ @
(6) x*+y*=1L fs(x,y)=0
(6) 2xxXi+2yyi=0 fe(x, X1y, ¥) =0 @ @
(7) 2xx+2k2 +2yy+2W =0 fz(x, X%y, ¥y =0 0
(8) »=10 fg(x =0 @ o
9 yw=a fo(y, ) =0 @ @

|G.F|=9 |GV|=11 7
Two variables out of the set G.V can be given arbitrary initialization @
values, as long as all constraints above are satisfied.

©

Part | Part Il Part Il Part IV Part V
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Result of Pantelides on Pendulum
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vmap= {x " Xy " yiu! Gv!" @xi!" %" v

Is the system of equations
eqmap= {f5 " f6,f6 " f7,f1 " fg,fz " fg}

solvable if we replace the old

assign= {x!" fo,yl" fo,u!" fg,al" fy, equations with their
P fg, ! o,y fo) differentiated version?
(1) %= u By substituting (8) and (9) we
2) Vi have
=V
(2) )U . x= 1 ax
(3) w="! ax — 1 Al
A yw=1ay! g
4) w=1 ay!
“) y' 9 206+ 2% + 2yt 292 = 0
(5) x>+y?=1L
(6) 2xxi+2yyi=0 Which is solvable for Same result if converted
(7) 2xx+2K% +2yy+ 2w =0 highest derivative into order one equation
8) %= Py Ry f!f)gug!ovgﬂs
— V4 : 2
9 w=1u fi 101 fin 001 0 0 O
f," 1 1 0% f51:11101§
fz 0 1 1 fs#0 01 1 0
f, 00 011
Part | Part Il Part 11l Part IV PartV
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Termination of Pantelides
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Does Pantelides algorithm terminate? Depends on the input graph.

Before Pantelides, check that matching
can be found on a matrix where variables
do not distinguish if they appear
differentiated or not.

r=1Uu

- Xy u v ! Ul vy x

= ! : $

‘7{ 1010 0 fi 1.0 0 01

U=A-x fobn 01 0 1 o% fznl 1 0 O 1?

P f31110101§ f4--01110§

-y g f,#0 1 0 1 1 f,b#0 01 1 0

Matrix to check Yes, match was found.

Hence the problem is not
structurally singular.

Part | Part Il Part Il Part IV Part V
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Part IV

Dummy Derivatives

Part | Part Il Part 11l

Part IV Part V
DAE Basics Matching BLT Sorting

Pantelides Dummy Derivatives

Index Reduction ®
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Should differentiated equations from Pantelides be
used for index reduction?

x=1 ax
y=1lay! ¢

206+ 21° + 2yy+ 29 = 0

The reduced problem (index-1) is mathematically
correct, but since equation

x2+y2:L

is not present, numerical approximation gives a

“drifting problem”. In our example, the pendulum’s
length will grow...
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Dummy Derivative
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Basic Idea:
- Include all differentiated equations

- For each equation, introduce a “dummy
derivative” variable.

x=1 ax

y'=1a! g

X2+ y?=1L

2xXX1+2yy' =0

206+ 241 +2yy"t +2y2 =0
A A

I

All constraints are present and the number of
equations and unknowns match.

The actual algorithm is presented by Mattson and Séderlind (1993)
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Conclusions

broman@eecs.berkeley.edu

Matching
Finds a mapping between variables and equations. Used both in
BLT sorting and Pantelides algorithm

BLT Sorting
Sort blocks of equation, where each block represents an algebraic
loop. Uses matching and Tarjan’s algorithm

Pantelides
Determine the subset of equations that needs to be differentiated.

Dummy Derivative
Method that uses Pantelides to perform correct index reduction.

Thank you for listening!
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