




Finally, step four forks the node located by f1. Since this node is a white-
node (before evaluation of fork( f1) ), rule (E-FORK-WHITE) applies. The
main difference in this rule compared to (E-FORK-BLACK) is that the color of
the node pointed to by f1 is changed from white to black. This means that this
fork operation both generated a new sum to zero equation (the black node) and
added a flow variable l3.

After evaluation of the given example, the flow store contain four mappings,
where two of them maps to black nodes, and two maps to white ones. All
locations pointing to a black node will generate a sum to zero equation. The
equation is generated by letting the left side of the equation be the first element
of the black node, e.g., in node NB(0,NW(l1,NE)), zero will be on the left hand
side of the equation. The right hand side consist of the sum of white nodes term
values given in element two of the black node. In the example given in Figure 5,
the sum to zero equations for the final value of the flow store would be:

0 = l2 + l1 (1)
l1 = l3 (2)

Implicit dereferencing of locations is assumed in the above equations. These
equations together with resulting equations after evaluation forms the final equa-
tion system. The variables in the equation system correspond to all locations

t1 | σ | φ −→ t′1 | σ′ | φ′
t1t2 | σ | φ −→ t′1t2 | σ′ | φ′

(E-APP1)

t2 | σ | φ −→ t′2 | σ′ | φ′
v1t2 | σ | φ −→ v1t

′
2 | σ′ | φ′

(E-APP2)

t | σ | φ −→ t′ | σ′ | φ′
var( t) | σ | φ −→ var( t′) | σ′ | φ′

(E-VAR)

t1 | σ | φ −→ t′1 | σ′ | φ′
t1=t2 | σ | φ −→ t′1=t2 | σ′ | φ′

(E-EQ1)

t2 | σ | φ −→ t′2 | σ′ | φ′
v1=t2 | σ | φ −→ v1=t′2 | σ′ | φ′

(E-EQ2)

t1 | σ | φ −→ t′1 | σ′ | φ′
t1 ∧ t2 | σ | φ −→ t′1 ∧ t2 | σ′ | φ′

(E-CONJ1)

t2 | σ | φ −→ t′2 | σ′ | φ′
v1 ∧ t2 | σ | φ −→ v1 ∧ t′2 | σ′ | φ′

(E-CONJ2)

t | σ | φ −→ t′ | σ′ | φ′
fork( t) | σ | φ −→ fork( t′) | σ′ | φ′

(E-FORK)

Figure 6: Congruence rules of the operational semantics for the λ̃–calculus.
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bop ∈ Bop = {+,−, ∗, /} Binary operations

p ∈ Pattern Pattern
p ::=

x Identifier pattern
| ( pi

i∈1..n) Tuple pattern

t ∈ Term Terms
t ::=

( ti
i∈1..n) Tuple

| func p { t} Function abstraction with pattern
| model p { t} Model abstraction with pattern
| t1 bop t2 Binary operations
| - t Uniary negation
| der( t) Derivative
| sin( t) Sine
| cos( t) Cosine
| time Global simulation time

v ∈ Value Values
v ::=

( vi
i∈1..n) | func p { t}

| - v | der( v) | sin( v)
| cos( v) | v1 bop v2 | time

Figure 7: Abstract syntax of the kernel language MKL, which represents exten-
sions to the syntax given in Figure 3.

created in the variable store. Note that this store now contains both potential
variables created using the term var( t) and flow variables generated due to
forking both black and white nodes.

The congruence rules in Figure 6 are less interesting, but equally important
to the semantics. We have chosen to write out all the rules explicitly for com-
pleteness, even if there exist simpler and more compact ways of describing these
kinds of rules. It should be noted that the congruence rules for equations (E-
EQ1) and (E-EQ2), and the rules for conjunction (E-CONJ1) and (E-CONJ2)
are stated with two terms to show the evaluation order.

We choose to describe the semantics with small-step-semantics, since it has
been shown to exist efficient ways of proving type safety of a language using
the progress and preservation theorems [14], if the language is extended with a
static type system.

4 Modeling Kernel Language

To enable realistic modeling capabilities, the λ̃-calculus needs to be extended
with more convenient constructs for modeling. The language presented in this
section, called modeling kernel language (MKL) is then used for demonstrating
modeling capabilities in Section 2.
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New evaluation rules:

(func p { t} )v | σ | φ −→ match(p, v)t | σ | φ (E-APPABS-MATCH)

(model p { t} )v | σ | φ −→
(func p { t} )(fork( v) ) | σ | φ (E-APPMODEL)

fork(( ti∈1..n)) | σ | φ −→ (fork( ti)
i∈1..n) | σ | φ

tj | σ | φ −→ t′j | σ′ | φ′
ttmp = ( vi

i∈1..j−1, t′j , tk
k∈j+1..n)

( vi
i∈1..j−1, tj , tk

k∈j+1..n) | σ | φ −→ ttmp | σ′ | φ′
(E-TUPLE)

Matching rules:

match(x, v) = [x 7→ v] (M-IDENT)

for each i match(pi, vi) = ρi

match(( pi
i∈1..n) , ( vi

i∈1..n) ) = ρ1 ◦ · · · ◦ ρn
(M-TUPLE)

Figure 8: Additional semantic rules for the kernel language.

4.1 Abstract Syntax

The extra terms and syntactic categories for constructs of the extended lan-
guage, are listed in Figure 7.

Several of the introduced terms are used for making the language more ex-
pressive. For example, a new syntactic category of patterns is introduced. The
current minimal language supports identifier and tuple patterns, but the lan-
guage could easily be enriched with other constructs such as records and vari-
ants.

Another term for functional abstraction, func p { t} has been added to
distinguish it from the lambda abstraction given in the λ̃-calculus. The main
difference is that func p { t} includes a pattern as its formal parameter, while
the lambda absraction λx.t used an identifier as formal parameter.

The most important term in the MKL is the model -term. The purpose with
this term is to create an abstraction mechanism for equation-systems using a
functional modeling style, and at the same time hide the existence of the fork
semantics, which is needed for correct flow semantics.

The other terms, e.g., binary operations, time derivative operation, Sine
function etc., are needed to be able to create relevant models. Some of these
terms could also have been implemented as library functions (e.g., Sine and
Cosine), but are here part of the language for presentation purpose.

4.2 Operational Semantics

The new evaluation rules for MKL are given in Figure 8. Besides these semantic
rules, some syntactic sugar is also added. For example, the def construct is
transformed into a combination of lambda abstraction and application terms.
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We will not discuss this syntactic transformation any further, since it is not
important in regards to the flow connection semantics.

The functional application rule (E-APPABS-MATCH) states ordinary func-
tion application, but with pattern matching. The matching rules are expressed
with a separate set of inference rules, where (M-IDENT) is used for identifier
patterns and (M-TUPLE) for tuple patterns.

The most important rule of the new rules is (E-APPMODEL), which matches
an application, where the first term is a model. From the definition of model p { t} ,
we can see that it is almost the same as a functional abstraction, but if we take
a closer look at rule (E-APPMODEL), we note that the model is transformed
into a function abstraction (a lambda abstraction with pattern), together with
a fork( v) term on the second part of the application term. This construct
is the key element of hiding the fork construct from the user. The intuition
is that each time a connection should be stated between model instances, the
wires (connections) need to be forked to form correct flow trees.

Finally, there is one rule (E-FORKTUPLE), which propagates the fork term
into a tuple’s elements, and a new congruence rule for evaluating a tuple’s
elements.

5 Prototype Implementation and Evaluation

To evaluate the described language semantics, a prototype implementation was
constructed, where the semantic rules were directly translation into OCaml
source code. The implementation is not intended for performance evaluation,
but to verify the correctness of the given rules.

There are certain properties of the given semantics that we want to prove
correct, but this is left to future research. However, it is not obvious how
we can prove that it actually models certain properties physically correct in a
domain. One alternative would be to prove properties relating to e.g., Modelica
and the λ̃-calculus. However, since there does not exist any formal semantics
of Modelica, which is small enough to reason about, we see this as a difficult
strategy to follow.

Instead, the prototype implementation is used for verifying that relevant
physical models can indeed be simulated and that they generate approximately
the same simulation result. In this prototype implementation, the elaboration
procedure transforms a model definition (e.g., the circuit in Section 2) to a flat
set of equations. This latter representation can be converted to a flat Modelica
file, which we are using for simulating the system. A number of test models were
created in both Modelica and in MKL and the simulation result was compared.
The purposes of these verification tests are:

• To verify that the prototype can generate equation systems that are solv-
able.

• To verify that the simulation result correspond to the simulation of equiv-
alent Modelica model.

Tests have been performed on a number of models with positive result. However,
it should be noted that the correctness of the current semantics is not verified
comprehensively enough. Furthermore, certain proves of correctness must also
be conducted in future work.
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6 Related Work

The most closely related work to our flow connection semantics is the connec-
tion semantics described in the specification of the Modelica language [9]. In
Modelica, connections between components (model instances) are declared by
using connect -equations. For example, consider the following Modelica source
code, which expresses the same model Circuit , as described in Section 2.

model Circuit
Resistor R1(R=10);
Capacitor C(C=0.01);
Resistor R2(R=100);
Inductor L(L=0.1);
VsourceAC AC;
Ground G;

equation
connect (AC.p, R1.p);
connect (R1.n, C.p);
connect (C.n, AC.n);
connect (R1.p, R2.p);
connect (R2.n, L.p);
connect (L.n, C.n);
connect (AC.n, G.p);

end Circuit;

From a modeling perspective, connections between components are in Modelica
expressed by stating one connect -equation between each connector (port). On
the contrary, in MKL, a wire is declared, which is then connected by using the
name of the wire to express the connection. From a modeling point of view,
different users may have different preferences and options on what is simpler
and more clear than the other. There are differences regarding modeling ca-
pabilities, but it need further analysis to conclude anything about clarity and
expressiveness. However, we believe that the λ̃-calculus semantics is cleaner
due to its declarative nature, which enables better ability to reason about the
semantics.

Currently, it does not exist any clean small formal semantics of the Model-
ica language. There exist specification attempts to specify the whole language
using natural semantics [6, 7]. However, this resulted in a very large formal
specification, which was very hard to reason about.

Other hybrid languages, such as χ has formal operational semantics defined
[13]. However, until this date, the χ language do not yet support the concept
of flow connections.

A similar idea of using functional abstraction for modeling of acausal physical
models were outlined by Nilsson et. al. [10]. This paradigm, which they call
functional hybrid modeling (FHM) introduces the concept of first-class relations
on signals and switch constructs. The signal relations sigrel used in the
examples in the article have similarities with our model notation, but since the
work by Nilsson et.al [10] does not contain any formal semantics, it is hard to
analyze the exact similarities. One major difference is that Nilssons et. al.’s work
does not incorporate the flow connection semantics into the semantic framework.

To the best of our knowledge, there are no previous published work of a for-
mal semantics of encoding the flow connection semantics in the lambda calculus.
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7 Conclusions

We have in this paper described a novel approach of encoding the physical flow
connection semantics into the untyped lambda-calculus, using small-step op-
erational semantics. A minimal calculus, called flow lambda calculus, denoted
λ̃-calculus was defined. Based on this calculus, the syntax and semantics was
extended to give better modeling capabilities. This language, called modeling
kernel language (MKL), was demonstrated with a couple of examples. A pro-
totype implementation of the language was implemented as an interpreter, and
some models were simulated and compared with models created in the Modelica
language.
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